Crystallographic shear phases of niobium oxide form an interesting family of compounds that have received attention both for their unusual electronic and magnetic properties, as well as their performance as intercalation electrode materials for lithium-ion batteries. Here, we present a firstprinciples density-functional theory study of the electronic structure and magnetism of H-Nb2O5, Nb25O62, Nb47O116, Nb22O54, and Nb12O29. These compounds feature blocks of niobium-oxygen octahedra as structural units, and we show that this block structure leads to a coexistence of flat and dispersive energy bands, corresponding to localised and delocalised electronic states. Electrons localise in orbitals spanning multiple niobium sites in the plane of the blocks. Localised and delocalised electronic states are both effectively one-dimensional and are partitioned between different types of niobium sites. Flat bands associated with localised electrons are present even at the GGA level, but a correct description of the localisation requires the use of GGA+U or hybrid functionals. We discuss the experimentally observed electrical and magnetic properties of niobium suboxides in light of our results, and argue that their behaviour is similar to that of n-doped semiconductors, but with a limited capacity for localised electrons. When a threshold of one electron per block is exceeded, metallic electrons are added to existing localised electrons. We propose that this behaviour of shear phases is general for any type of n-doping, and should transfer to doping by alkali metal (lithium) ions during operation of niobium oxide-based battery electrodes. Future directions for theory and experiment on mixed-metal shear phases are suggested.
I. INTRODUCTION
Transition metal oxides form a fascinating class of compounds with interesting electronic, magnetic, and crystallographic structures. The phase diagram of niobium oxide is especially rich, with a large number of reported phases for Nb 2 O 5 1-3 , in addition to NbO and NbO 2 . The high-temperature Nb 2 O 5 polymorph (H-Nb 2 O 5 ) can be regarded as the parent compound of a family known as crystallographic shear (or Wadsley-Roth) phases 4, 5 . In these phases, niobium is present in octahedral coordination, but the Nb/O ratio of Nb 2 O 5 prevents the formation of purely corner-sharing octahedra. Instead, the structure must include some amount of edge-sharing connections between octahedra. The crystal structures of these compounds consequently consist of blocks of cornersharing octahedra of size n × m that are connected to neighbouring blocks via crystallographic shear planes of edge-sharing connections. In the direction perpendicular to the n × m plane the units connect infinitely, and tetrahedrally coordinated ions are sometimes present to fill voids in the structure. (Fig. 1 , Table I). The metal-oxygen octahedra in these compounds are strongly distorted due to a combination of electrostatic repulsion between transition metal ions and the second-order Jahn-Teller effect 6, 7 . Niobium sites in the center of the block are less distorted than those at the periphery. The structural principle of blocks as the building unit, as introduced by Wadsley and Roth, also applies to phases in the TiO 2 -Nb 2 O 5 and WO 3 -Nb 2 O 5 phase diagrams 5 .
The fully oxidised parent compound Nb 2 O 5 is a wide bandgap insulator. Low concentrations of valence electrons are introduced through n-type doping to form the Nb 2 O 5 -δ phases. This reduction changes the crystal structure, but the structural motif of the blocks is retained, which makes the niobium suboxides an excellent series of phases to study the interplay between charge state and crystal structure. Magnetic susceptibility measurements show that all Nb 2 O 5 -δ phases are paramagnetic, with the number of localised moments increasing with δ 8, 9 . Spin interactions are antiferromagnetic and their strength increases with the level of reduction, as indicated by their Curie-Weiss constants. However, only the monoclinic Nb 12 O 29 phase is found to exhibit longrange antiferromagnetic order, with an ordering temperature of 12 K 10,11 . Electrical conductivity measurements show that all Nb 2 O 5 -δ phases show thermally-activated transport, except for Nb 12 O 29 , which is metallic down to 2 K 8,12 . Both electrical and optical measurements indicate that the electron transport in the Nb 2 O 5 -δ phases is effectively one-dimensional along the block columns 13 . 12, 15, 16 . Despite their interesting physical properties, the niobium suboxides have not been investigated with firstprinciples methods, and the relationship between the level of reduction and the electronic and magnetic properties remains unclear. Two previous first-principles studies have examined the two polymorphs of Nb 12 O 29 , with rather different conclusions regarding the electronic structure, despite their very strong structural similarity 17, 18 . Additionally, there is new interest in crystallographic shear phases due to their excellent performance as electrode materials in batteries 19, 20 , and the electronic structure of the suboxides is likely to be similar to that of other shear phases.
In this article, we study six different niobium (sub)oxides using density-functional theory calculations and establish common principles governing their electronic and magnetic behaviour. As the 4d band in these materials is highly complex, we first examine Nb 22 . We show that all of these structures host flat and dispersive bands, which correspond to localised and delocalised electronic states. Each block can host a single localised state in the block plane that is spread over multiple niobium sites. Delocalised states are present along the shear planes. These results are independent of the n-type doping, and alkali metal doped (lithiated) shear phases show similar features to the suboxides, which has implications for their use as battery electrodes. We discuss experimental studies of electrical and magnetic properties of the suboxides in terms of a consecutive filling of localised and delocalised states. Finally, based on these results, we suggest new directions for theory and experiment.
II. METHODS
All density-functional theory calculations were performed using the planewave DFT code CASTEP 2, 8, 14 . These two space group choices differ only in the full or partial occupancy of the tetrahedral site. For modelling purposes, the ion on the tetrahedral site has to be ordered, resulting in space group P 2. Atomic positions and lattice parameters of the structures were relaxed using the gradientcorrected Perdew-Burke-Ernzerhof (PBE) functional 26 , until the maximum force on any atom was smaller than 0.01 eV/Å. The calculations used a planewave kinetic energy cutoff of 800 eV for ultrasoft pseudopotentials, and 900 eV for norm-conserving pseudopotentials, unless otherwise stated. The Brillouin zone was sampled with a Monkhorst-Pack grid 27 finer than 2π × 0.03Å −1 . Lattice parameters obtained from the structural relaxations are listed in Table I , and agree very well with the experimental values. Crystallographic information files (CIF) of the PBE optimised structures are available in the Supplemental Material of this article 28 . All electronic structure calculations were performed for antiferromagnetic spin arrangements in the conventional unit cells, as antiferromagnetic spin interactions are observed experimentally 8 . Semilocal density functionals suffer from selfinteraction error, which can be alleviated by the use of DFT+U. For calculations in this work, the DFT+U implementation in CASTEP 29 was used, which defines an effective U value U eff = U − J. A value of U eff = 4.0 eV was chosen for the Nb d orbitals, in line with other studies on niobium oxides that employed similar implementations of DFT+U within planewave codes 30 . The results presented herein are mostly insensitive to the exact value of the U eff parameter if it lies in the range 3-5 eV, even though the value of the bandgap does depend on the choice of the U eff parameter. with a grid spacing of 2π × 0.01Å −1 , and the results were postprocessed with the OptaDOS package 34 , using the linear extrapolative scheme 35, 36 . The c2x 37 utility and VESTA 38 were used for visualisation of wavefunction and density data. Data analysis and visualisation was performed with the matador 39 package.
III. RESULTS

A. Nb22O54
Nb 22 O 54 crystallises in space group P 2/m 14 , and shows an ordered mixture of 3 × 3 and 3 × 4 blocks of octahedra, in addition to a tetrahedral site ( Figure 1a) . Assuming an ionic model, the compound can be described as (Nb
, with two 4d electrons per 22 Nb atoms (1 e − per block, Table I ). The a and c lattice vectors of Nb 22 O 54 are longer than b, which is perpendicular to the block plane (Fig. 1 , Table I). The Brillouin zone (BZ) therefore has one long (along b * ) and two short directions. The PBE+U spinpolarised bandstructure and electronic density of states (DOS) of Nb 22 O 54 show a large gap between the valence and conduction bands, which are of oxygen 2p and niobium 4d character, respectively (Fig. 2) . Two fully occupied flat bands (one for each spin) lie within the band gap, leading to the peaks in the DOS below the Fermi level. The flat bands have a very small one-dimensional dispersion, as evidenced by the shapes of the corresponding peaks in the DOS, and represent localised states. In addition to the flat bands, a set of dispersive bands exists just above the Fermi level, which show the largest dispersion along b * . The separation between the flat bands and the rest of the conduction states is smallest at special points lying in the a * -c * plane of Γ (Y , A, B), and largest in the parallel plane at the BZ boundary (Z, C, D, E). Due to this pattern, the dispersive bands are also effectively one-dimensional.
With 12 inequivalent niobium sites in the unit cell of Nb 22 O 54 , site-resolved projected densities of states (PDOS) are complicated and difficult to interpret. More insight is gained by summing PDOS for sets of sites. Figure 3a shows the projection onto different types of niobium sites within the structure, which are classified as central and peripheral, depending on where they sit within the block. We note two things: (1) Both peripheral and central niobium sites contribute to the localised states, even though the contribution of the central sites is greater given the ratio of the two; and (2) only peripheral niobium sites contribute to the unoccupied density of states above the Fermi level (until 0.5 eV above), the contribution from the central sites is exactly zero. The PDOS resolved by block in Fig. 3b demonstrates that one localised state is contained in the 3 × 4 block, and the other, lower energy one, in the 3 × 3 block. Both blocks contribute roughly equally to the density of unoccupied conduction states. Spin density in Nb 22 O 54 is predominantly located on the central niobium sites (Fig. 4a) , which also dominate the relevant states as seen from the PDOS (Fig. 3a) . One spin is located in each block, and the spin arrangement is antiferromagnetic between the two blocks. However, the ferromagnetic arrangement is only marginally higher in energy (less than 1 meV), indicating very weak spin interactions that are likely a result of the long (nm) magnetic interaction lengths. Kohn-Sham orbitals that are occupied by these localised electrons span the entire block, but only have contribution from niobium sites in the same block (Fig. 4b) . The flat dispersion is a result of the very weak face-on overlap (δ-overlap) between these orbitals along b. Both localised orbitals are similar in appearance, despite the different sizes of the blocks. This suggests that the presence of these states is a general feature of block-type structures. The results presented above were obtained from PBE+U (U eff = 4 eV) calculations. The Γ → Z segment of the Nb 22 O 54 bandstructure computed with HSE06 and PBE is compared to the PBE+U result in Fig. 5 . Only the up-spin component is shown, which is associated with the localised electron in the 3 × 3 block. The bandstructure looks similar for all functionals, and importantly, the relevant feature of localised states, i.e. the flat bands, are present even at the PBE level. However, PBE places the flat bands within the dispersive conduction bands, and both are partially occupied, while both DFT+U and the HSE06 functional place the flat bands below the other conduction bands. PBE also places the opposite spin partner of the localised state in the other block much lower in energy than either PBE+U or HSE06. The precise placement of the flat bands depends on the U value, but in the tested range of 2-5 eV the flat bands are placed below the conduction bands, and the gap between them increases by approximately 200 meV per increase in U by 1 eV. The degree of electron localisation depends on the presence of a gap between flat and dispersive bands. PBE implies metallic behaviour with localised electrons, while HSE06 and PBE+U show full localisation of the electrons. A major difference between the HSE06 and PBE or PBE+U calculations is the size of the gap between valence and conduction bands, which is larger by approximately 1.2 eV for HSE06 compared to PBE+U. The spin density and Kohn-Sham orbitals were plotted from the output of PBE+U calculations, but we note that the results from PBE and HSE06 are visually indistinguishable from the PBE+U results.
B. Nb12O29
Nb 12 O 29 is more reduced than Nb 22 O 54 and hosts two 4d electrons per 12 niobium sites (i.e. 2 per block, Table I). The two Nb 12 O 29 polymorphs are structurally similar, and only differ in the long-range arrangement of the blocks; in the monoclinic polymorph the blocks form a ribbon along a, while in the orthorhombic structure the blocks zig-zag along c (Fig. 1 The bandstructure of monoclinic Nb 12 O 29 shows two flat bands (one for each spin), which lead to two peaks in the DOS (Fig. 6) . The shape of the real-space unit cell results in a Brillouin zone with two short and one long dimension, and the bandstructure path segments are similar to those in Nb 22 O 54 . The bands for both spins lie exactly on top of each other due to the symmetry of the crystal structure, even though there is a spatial separation of spins (Fig. 8a) . The flat bands coexist with more dispersive conduction bands, which show a dispersion which is largest in the b * direction, making them effectively one-dimensional. Independent of the position of the flat bands, the larger number of electrons per block requires that some of the electrons fill dispersive conduction bands. This indicates a structural capacity for localised electrons. In Nb 12 O 29 flat and dispersive bands are interspersed, while in Nb 22 O 54 , the flat bands lie below the rest of the d-bands (cf. Fig. 2 ). Similar to Nb 22 O 54 , the central Nb sites contribute exclusively to the occupied density of states in a narrow region that is associated with the flat bands (Fig. 7) . The remainder of the conduction states involve contributions from the peripheral sites.
Kohn-Sham orbitals of the localised states (Fig. 8c ) look remarkably similar to those in Nb 22 O 54 , and are predominantly made up of Nb d-orbitals lying within the plane of the block. Electrons occupying these localised states are responsible for the non-zero spin density (Fig. 8a ). Orbitals associated with dispersive bands (Fig. 8b,d ), rather than end-on, can be understood from a crystal field argument. For a transition metal ion in an ideal octahedral crystal field, the t 2g orbitals form a degenerate set. The MO 6 octahedra in shear phases, however, are far from ideal. When the degeneracy of the t 2g orbitals is lifted by a distortion, those d-orbitals that do not overlap with any σ-type ligand orbitals will be lowest in energy and contribute to the low-energy d-bands. The bandstructure of the orthorhombic Nb 12 O 29 polymorph ( Fig. 9 ) looks very similar to that of the monoclinic polymorph. In fact, the results on the monoclinic polymorph presented above are transferable to the orthorhombic one. Experimentally, both polymorphs are metallic and show antiferromagnetic spin interactions, but only the monoclinic polymorph shows long-range magnetic order 11 . The magnetic susceptibility of mNb 12 O 29 can be fit using the Bonner-Fisher form, possibly indicating one-dimensional magnetism 15 . The differences are clearly subtle, and the small energy differences (10-20 K, around 1 meV) make comparisons using density-functional theory total energy differences difficult. However, the picture of the electronic structure of Nb 12 O 29 that emerges is clear: for both polymorphs, conductivity and local moment magnetism are provided by different sets of electrons. Our conclusions on the orthorhombic polymorph are broadly in line with the firstprinciples study of Lee 
D. H-Nb2O5
H-Nb 2 O 5 is the high-temperature phase of niobium pentoxide, and crystallises in space group P 2/m (Table I, Fig. 1 The bandstructure of H-Nb 2 O 5 shows the presence of flat and dispersive bands (Fig. 11) , similar to those found for the other shear phases above. However, the relative position of these bands depends on whether or not they are occupied. Doping by alkali metal ions is one way to introduce electrons into the conduction band, and in the particular case of H-Nb 2 O 5 this has a practical relevance. Transition metal oxides in general, and the niobium-based oxide shear phases of this work, are used as electrodes within lithium-ion batteries. Like oxygen removal, lithium intercalation is a method to n-dope the material. Similar behaviour can often be observed from charge doping and ion insertion, for example in Na x WO 3 40 . The H-Nb 2 O 5 phase has been studied extensively for lithium-ion battery applications and it is closely related to other shear phases that have been examined for the same purpose 19, 41 . Inserting a single lithium per unit cell into the middle of the 3 × 4 block results in a localised state similar to those present in the niobium suboxides (Fig. 12) . Note that the electron is entirely localised within the 3 × 4 block, with the 3 × 5 block remaining empty. Oxygen removal (as in the suboxides above) and lithium intercalation (examined here) clearly result in similar electronic structure features.
IV. DISCUSSION
Our results establish that the presence of defect-like flat bands and metallic conduction states is an innate feature of block-type structures. This coexistence arises due to the two different types of niobium sites present in the crystal structures; the central NbO 6 octahedra are purely corner-shared, the distance between niobium Regarding possible electronic conduction mechanisms in the niobium suboxides, the relevant quantities are the filling fraction ν (number of e − per block), and the energy gap between the flat and dispersive bands. For filling fractions of less than one, only localised states are filled (Nb 25 O 62 and Nb 47 O 116 , Fig. 10 ) and electrons can hop from one filled block to another empty one by a polaron hopping mechanism. The hopping process will have an activation energy. However, in Nb 22 O 54 all localised states are filled and this hopping mechanism becomes impossible. With no metallic conduction electrons present, thermal excitation from the defect-like flat bands into the dispersive conduction bands might provide the dominant mechanism, as illustrated in Fig. 13a . This mechanism is reminiscent of doped semiconductors, and the activation energy associated with this process will depend on the separation between the flat and dispersive bands (cf. Figs 5, 13a) 8 . Beyond those temperatures, there is a metallic-like range of temperatures in which conductivity decreases again. Given this change in the temperature dependence of the conductivity from semiconducting to metallic, the flat bands associated with localised electrons are likely shallow donor levels (Fig. 13) . The complex interplay between electron localisation and delocalisation in the suboxides is more similar to phenomena occurring in semiconductors on n-type doping, but distinctly different from metal-insulator transitions in transition metal oxides 42 . Our results suggest that a similar phenomenon of crossover from localised to metallic conduction could occur on lithium doping of H-Nb 2 O 5 , which might be observed with electrochemical, spectroscopic, or magnetic measurements.
Magnetic susceptibility measurements on the suboxides show that the number of localised moments increases with the degree of reduction 8, 9 . However, under the assumption that g = 2, the number of moments calculated from the measurements is smaller than the number of introduced electrons 8, 9 . For Nb 12 O 29 , this is consistent with one delocalised and one localised electron, but for the remaining suboxides this apparent reduction in the number of local moments is unexpected. Our first- principles results are consistent with complete localisation of electrons until a threshold is exceeded, and therefore all moments should be seen. Deviations in the g value of the electrons might explain the discrepancy. As the electrons in these suboxides are well-localised, electron paramagnetic resonance (EPR) spectroscopy could provide some insight into the nature of the electronic states and the g values. Fig. 10 ), and the magnetic lattice is not fully filled. Independent of the strength of interaction, if not all spins have neighbours to couple with, or there is some randomness in the distribution of the spins, longrange magnetic order is unlikely to emerge. With firstprinciples calculations it is very difficult to address the question of why only m-Nb 12 O 29 orders, but Nb 22 O 54 and o-Nb 12 O 29 do not, since the energy differences between different magnetic states are very small. However, we can discuss the possible spin-spin interactions simply based on the shape and orientation of the magnetic orbital within the crystal structure. We will focus in particular on monoclinic Nb 12 O 29 , but similar considerations apply to the other suboxides. The magnetic orbital lies within the plane of the block. The two closest distances (two neighbours) between spins (two nearest neighbours) are along the block columns, with a separation of about 3.8Å (J b , Fig. 14a bottom) . By symmetry, the interaction with spins in the four next-nearest neighbouring blocks along c, that are offset by 0.5 b, has to be the same (J c , distance 10.6Å, Fig. 14a bottom) . In addition to that, each block is connected to two blocks on the same level in monoclinic Nb 12 O 29 along the a direction (J a , distance 15.9Å, Fig. 14a top) , and four others offset by 0.5 b along a (distance 15.3Å, Fig. 14a top) . Different spin arrangements are easily obtained from DFT calculations (spin densities are shown in Fig. 14b ), but the energy differences between them are very small (few meV), and change significantly with the level of theory (PBE or PBE+U). Energy differences of a few meV are consistent with the interaction strengths obtained experimentally. The lowest energy magnetic ordering found in our calculations is antiferromagnetic along the c direction (Fig. 14b, top left) .
V. CONCLUSION
We have shown that the electronic structure features common to n-doped crystallographic shear phases include (1) effectively one-dimensional flat and dispersive bands corresponding to localised and delocalised electronic states (2) electron localisation in orbitals spanning the block planes, and (3) the partition of localised and delocalised states between central and peripheral niobium sites. Structural block units are also present in WO 3 -Nb 2 O 5 43 and TiO 2 -Nb 2 O 5 44,45 phases, and many of these mixed-metal shear phases have been explored as lithiumion battery electrodes 19, 46 . The principles laid out in this work are likely transferable to these compounds, and are important for the interpretation of spectroscopic and electrochemical data.
The niobium suboxides show a transition from localised to delocalised electrons, but it is much smoother than commonly observed for metal-insulator transitions in transition metal oxides. In fact, our results portray the suboxides to be closer to n-doped semiconductors, but with a limited capacity for localised electrons. Once a filling threshold is exceeded, delocalised metallic electrons are simply added to existing localised electrons. This process is likely to occur in heavily lithium-doped shear phases during battery operation. Similarly, the experimentally observed crossover from localised to delocalised electronic behaviour in WO 3 -x 47 might have the same underlying mechanism, as WO 3 -x phases also exhibit some amount of crystallographic shear. More broadly, the niobium suboxides are an elegant example of the interplay between crystal and electronic structure, and the balance between electron localisation and delocalisation in oxides of an early transition metal.
